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Statistical inference

• Statistical inference
• Data learning
• Data mining
• Data analysis
• Fitting model to data

I) Selecting a model
II) Constructing a Likelihood (a probability
of observing the Data given a model)
III) Finding parameters of the model such
that the Likelihood is maximized

Inference methods
1) Markov chain Monte Carlo (MCMC) methods
2) Variational inference
3) Numerous approximate methods
Monte Carlo methods tend to be more computationally intensive than variational
inference but they also provide guarantees of producing (asymptotically) exact
results. Variational inference does not enjoy such guarantees.
Blei, David M., Alp Kucukelbir, and Jon D. McAuliffe. "Variational inference: A review for
statisticians." Journal of the American Statistical Association, 2017

We have developed efficient Monte Carlo method to perform Maximum Likelihood
parameter estimation for probability distributions with intractable normalizing constants

Exponential family
Models from Exponential family
exp(𝛉 * 𝐳 𝑥 )
𝜋 𝑥, 𝛉 =
𝑘(𝛉)
𝑘 𝛉 = . exp(𝛉 * 𝐳 𝑥 )
1

𝐳(𝑥) = (𝑧3 (𝑥), 𝑧4 (𝑥), . . , 𝑧6 (𝑥))7
Number of parameters = number of statistics

zi(x) is a statistic: any function from the space of states x, that measures the relevant data
feature (e.g. cliques in MRF, or the count of triangles in social networks, ERGMs)
Normalizing constant 𝑘 𝛉 cannot be computed because of complexity

Maximum Likelihood parameter estimation
Models from Exponential family
exp(𝛉 * 𝐳 𝑥 )
𝜋 𝑥, 𝛉 =
𝑘(𝛉)

𝐸<(𝛉) 𝑧= (𝑥) = 𝑧= 𝑥896 ∀𝑖

𝑘 𝛉 = . exp(𝛉 * 𝐳 𝑥 )

𝐸<(𝛉) 𝑧= (𝑥) = . 𝑧= (𝑥) * 𝜋(𝑥, 𝛉)
1

1

𝐳(𝑥) = (𝑧3 (𝑥), 𝑧4 (𝑥), . . , 𝑧6

MLE:
Given 𝑥896 , find 𝛉 𝑥896
such that Likelihood is maximized

(𝑥))7

Expectations may be computed by
converged MCMC simulations

Number of parameters = number of statistics

zi(x) is a statistic: any function from the space of states x, that measures the relevant data
feature (e.g. cliques in MRF, or the count of triangles in social networks, ERGMs)
Normalizing constant 𝑘 𝛉 cannot be computed because of complexity

Stability of statistics at Equilibrium
Theorem
Let a transition probability P( x ® x ', θ) define a Markov chain with a unique stationary
distribution. If this distribution is a statistical model from an exponential family p(x,θ)
and the Markov process has reached its stationary distribution then for any zi(x)

. p(x,θ)P 𝑥 → 𝑥 A , 𝛉 (𝑧= 𝑥 A −𝑧= 𝑥 )=0 (EE)
1,1 B

𝐸<(𝛉) 𝑧= (𝑥) = 𝑧= 𝑥896
Byshkin, et al. "Fast Maximum Likelihood estimation via Equilibrium Expectation for Large Network Data"
under review in Scientific Reports, arXiv preprint arXiv:1802.10311 (2018).

Monte Carlo Maximum Likelihood estimation
Theorem
Let a transition probability P( x ® x ', θ) define a Markov chain with a unique stationary
distribution. If this distribution is a statistical model from an exponential family p(x,θ)
and the Markov process has reached its stationary distribution then for any zi(x)

. p(x,θ)P 𝑥 → 𝑥 A , 𝛉 (𝑧= 𝑥 A −𝑧= 𝑥 )=0 (EE)
1,1 B

If MLE exists and is unique

𝐸<(𝛉) 𝑧= (𝑥) = 𝑧= 𝑥896
s equations with s unknowns
MCMC MLE may be computed without MCMC simulation!

Monte Carlo Maximum Likelihood estimation
. p(x,θ)P 𝑥 → 𝑥 A , 𝛉 (𝑧= 𝑥 A −𝑧= 𝑥 )=0
1,1 B

𝐸<

𝛉

𝑑𝑧𝑖 (𝑥, 𝛉) = . P 𝑥 → 𝑥 A , 𝛉 (𝑧= 𝑥 A −𝑧= 𝑥 )

(𝑑𝑧𝑖 (𝑥, 𝛉))=0
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𝑑𝑧𝑖 (𝑥, 𝛉) may be computed by Monte Carlo integration
If we have data samples i.i.d. from 𝜋 𝑥, 𝛉 : xS1 , xS2 ,.., xSn
I

𝐸<

𝛉

1
(𝑑𝑧𝑖 (𝑥, 𝛉))= . 𝑑𝑧𝑖 (𝑥6H , 𝛉) may be computed by Monte Carlo integration
𝑛
JK3

Monte Carlo Maximum Likelihood estimation
MLE of 𝛉 may be found without MCMC only if we know the “true model” 𝜋 𝑥, 𝛉
and have data samples i.i.d. from 𝜋 𝑥, 𝛉
A “true model” occurs when data are simulated from a known, often very simple, model using
Monte Carlo methods

Burnham, K.P., and Anderson D.R. Model selection and multimodel inference: a practical information-theoretic approach, 2003

How to find MLE for real-world data xobs and data approximating models?
𝐸<(𝛉) 𝑧= (𝑥) = 𝑧= 𝑥896 ∀𝑖
We can apply this approach if we manage to simulate data 𝑥 so that
𝑧= (𝑥) = 𝑧= 𝑥896 ∀𝑖
We can because of monotonic dependence of 𝑑𝑧𝑖 (𝑥, 𝛉) and 𝐸<(𝛉) 𝑧= (𝑥) on 𝜃=

Equilibrium Expectation algorithm for MLE
m=103 (from 102 to 104),
m2=102 (from 50 to 104),

CD-1

c2=10-3 (from 10-5 to 0.1),
c1=10-2 (or any small
positive constant)

A convergence test :
I)

RST (U)
VW(RST U )

<0.1. ∀𝑖

II) 𝜃= converge
•
•

∀𝑖

Markov chain is not reset between parameters updates
When c2=0 the EE algorithm does not differ from the Metropolis-Hastings algorithm

Byshkin, et al. "Fast Maximum Likelihood estimation via Equilibrium Expectation for Large Network Data”,
under review in Scientific Reports, arXiv preprint arXiv:1802.10311 (2018).

Connection to Contrastive Divergence
The theorem
𝐸<(𝛉) [. P 𝑥 → 𝑥 A , 𝛉 (𝑧= 𝑥 A −𝑧= 𝑥 )]=0 Unbiased
1B

Contrastive divergence (CD-1):
. P 𝑥 → 𝑥 A , 𝛉 (𝑧= 𝑥 A −𝑧= 𝑥 )=0

Biased for real-world data

1B

. P 𝑥 → 𝑥 A , 𝛉 (𝑧= 𝑥 A −𝑧= 𝑥 )=0

Unbiased for data, simulated from 𝜋(x, 𝛉)

1B

Hinton, Geoffrey E. "Training products of experts by minimizing contrastive divergence." Neural
computation 1171 (2002)

Equilibrium expectation algorithm for MLE
All the existing algorithms for precise parameter estimation require many converged
MCMC simulations
The EE algorithm does not need such outputs. Instead it generates one converged
output
The EE algorithm is similar to the Metropolis-Hastings algorithm, but allows Monte
Carlo simulation to be performed while constraining the values of statistics zi(x) and in
such a way that the EE condition is satisfied.
As well as Metropolis-Hastings algorithm the EE algorithm may be used with different
proposal distributions

Geyer CJ & Thompson EA, Constrained Monte Carlo Maximum Likelihood for dependent data, Journal of the Royal Statistical Society (1992)
Snijders, Tom AB. Markov chain Monte Carlo estimation of exponential random graph models, Journal of Social Structure, 1-40 (2002)
Murray, Iain, Zoubin Ghahramani, and David MacKay. "MCMC for doubly-intractable distributions." arXiv preprint arXiv:1206.6848 (2012).
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1B
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. P 𝑥 → 𝑥 A , 𝛉 (𝑧= 𝑥 A −𝑧= 𝑥 )=0

Unbiased for data, simulated from 𝜋(x, 𝛉)

1B

Hinton, Geoffrey E. "Training products of experts by minimizing contrastive divergence." Neural
computation 1171 (2002)

Illustrations. Gibbs random field
We use EE algorithm to estimate parameters of Exponential Random Graph Models
Robins G, et al. Recent developments in exponential random graph (p*) models for social networks. Social Networks, 192 (2007)
Snijders, T. Markov chain Monte Carlo estimation of exponential random graph models, Journal of Social Structure, 1-40 (2002)
EE algorithm
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The dependence of the estimation time on number of nodes N is almost linear (t ∝ 𝑐(𝑁) * 𝑁)
The dependence of the estimation time on number of data points NxN is sublinear
With EE algorithm MLE may be used for the analysis of large dependent data

Illustrations. Gibbs random field
was a social network for language learning
104103 nodes and 2193083 ties
Output of the EE algorithm with IFD sampler
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Using existing methods it is not possible
to estimate empirical network with more
then 5000 nodes even in several months
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Byshkin, M., Stivala, A., Mira, A., Krause, R., Robins, G., & Lomi, A. Auxiliary parameter MCMC for exponential random
graph models. Journal of Statistical Physics, 165(4), 740-754 (2016)

Illustrations. Markov random field
Ising model on 2D lattice with 3006 x 4800 points
θ * 𝑧(𝑥)
𝜋 𝑥, θ =
𝑘(θ)

𝑧 𝑥 = . 𝑥= 𝑥J
=,J

𝑥= =±1
Empirical data: satellite image of Lugano

ESTIMATION ON LAPTOP
CD algorithm for simulated data: 1 second
Fellows, Ian E. "Why (and When and How) Contrastive
Divergence Works." arXiv preprint arXiv:1405.0602 (2014).

EE algorithm for empirical data: 140 seconds
𝑀𝐿𝐸 θ=0.465 ±1%
Comparison with other methods
Anybody computed MLE for such a large
network before?
The source code is available
https://github.com/Byshkin/EquilibriumExpectation

Further problems
Applications and convergence proof
Convergence is established empirically with many different models
Applications: Machine learning, Artificial Intelligence, Social Network
Analysis, image processing, analysis of medical, biological or any other data
More problems are opened than solved
Searching for collaborations!

Presentation slides, preprint and code are available from www.estimnet.org

